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B. Summary

1. Introduction

As widely discussed in the literature, radiative ® decays, such as ® — fyy — 7wy or
® — agy — w7y, are one of the primary sources of information about the interesting and
still controversial sector of light scalar mesons (see e.g. refs. [[] -] and references therein).
In principle, the large amount of data collected at ® factories should allow to study these
processes with excellent accuracy. However, it must be realized that these processes are
only one of the components of the basic ®-factory observables, namely the eTe™ — P Py

cross sections (where PPy = 779 7%, or

7). An accurate and possibly model-
independent description of all the components of these reactions is necessary in order to
extract reliable information about the scalar sector of QCD.

The purpose of the present paper is twofold. First, we discuss how to isolate the
interesting scalar amplitude from the other contributions to the cross section. Second, we
present a general parameterization of the scalar amplitude which should allow a model-
independent determination of basic parameters such as masses, widths and couplings of fj
and agp mesons.

The paper is organized as follows. In section f| we discuss the general decomposition
the cross sections in terms of gauge-invariant tensors. We start from the simpler case
of neutral final states, |[7°7%y) and |7%77y). We then generalize to the |7T7~v) case,
where initial- and final-state radiation represent a serious background. In section P we
analyse the contributions to the invariant amplitudes due to the exchange of vector mesons
(ete™ — VPyg — Py Py7y), which represent an irreducible physical background for the
scalar amplitude. Finally, in section [| we present a general decomposition of the scalar



amplitude (eTe™ — Sy — Py Pyy) which takes into account the narrow-width structure
of fo and ag at high Mp, p,, and the constrains of unitarity and chiral symmetry at low
Mp, p,. The complete procedure we propose for the fit of the cross sections is summarized
in the last section.

2. General decomposition of the cross sections

2.1 Neutral final states

The generic matrix element for the transition ete™ — PYPYy (Pio = ¥ or 1)) can be

written as

M e (py)e™ (p-) — P(p1) PY(p2)v(e, k)] = —0(ps )yuu(p-_)T"e, (2.1)

®» | ®

where s = (py +p_)? = P2. The constraints of gauge invariance imply
P, T =k, T" =0. (2.2)
Using this notation, the differential cross section with unpolarized beams becomes

1
do(ete” — PYPY~) = —C 24®
U(e € — I 2’)’) s HS;JM’

8T S 1 .
= 8—3012 [p‘frpli —i—p’ipi - 59“1/} [_ng TuaT:p:| ch)a (2'3)

where . . .
do = 2 6 (P — py —py — k 2.4
(2m)32E, (27)32E, GrpE, 2T 0P = p =2 = k) (24)
and Cqy takes into account the 1/2 factor in case of identical particles: Cijo = 1 for

{PY, P} = {n, 7% Cra = 1/2 for {PY, Y} = {r°, 7"},
As a result of the gauge-invariance conditions, in the case of a real photon in the final
state we can decompose T as the sum of three independent structures:

4
Tow = ALLQ) + AsL@) + AsLG) | (2.5)
with

LG) = (k- P)gu — kP, |

4
L) = AP q) [(k - g — kua) + (k- P)augy — (k- q)gu Py}

4 1
LSSV) = ; [(k : Q)(P29;w - P,uPu) + (k : P)P“q,, - P2k3,uQu] s q= 5(1)1 _p2)-

The normalization of T}, and the L,(fl), has been chosen in order to maximize the contact
with ref. [H]: Lf}l,) and Lfi,) are identical to the corresponding expressions of ref. [ff], while

Lf?l,) coincides with the corresponding tensor of ref. [i] only in the case of identical particles.



The dimensionless form factors A; are determined by the specific dynamical model.
For instance, the scalar amplitude ete™ — Sy — P; P»y induces a non-vanishing contri-
bution only to Ay, while the transition ete™ — V P9y — P1 Py leads to non-vanishing
contributions to all the form factors.

The phase space element can be re-written as

1 1
d® = ——dFE1dE,d)y, = ————dE1dFE>dS) 2.6
g(2m)d 1T T gpmya TR (26)
where E, 12 are the energies in the c.o.m. frame and €, denotes the solid angle of the
beam axis with respect to the decay plane.! Performing the angular integration we find

1 1 % v 4 S 74
Fw,@1,m0) = 5— [ dy [—Zg’”’T,wTyp] [pip_ +pipl - 59" ]
= a11|A1|* + aga| As|* + ass|As|* + a12(A1 A5 + AT Ay)
Fars(A1 A + A Ag) + ag(As A} + A3 Ag), (2.7)
where the a;; coefficients are given by

4
all = gxz

2
a2 = 3 [(z1 — )2 4+ 230 — 14 z) — 26(x; — x2) + 52]

8
ais — gx(:cl — T2 — 6)

_ 1 PRY! 20 2 201 _

a2 = 3 {(z1 —22)* +22°(0 — 1+ 2)* + 2(x1 — 22)*(1 —x)(0 — 1 + 2)

—6(z1 — x2) [2(z1 — 22)* +2(0 — 1 + 2) (21 + 22)]

462 [(z1 — 22)? +2(c — 1+ z)]}

4
as3 = g(ml — x) [(xl — x2)2 —26(x1 — x9) + 52]

8
ay = 3 (1 — 22)*’(1+2) —2%(0 — 1+ 2) — §(z1 — z2)(z + 2) + 6] (2.8)

in terms of the adimensional variables
2F; 28,
Ti = T=—==2—-T1] — 22

Vs Vs
J_0eaE) 2o M) 29
s s
In the limit 6 — 0 the a;; coefficients in eq. (B.§) coincide with the Cj; of ref. [], with the
exception of ajs, which is reported incorrectly in ref. [{.
The general expression for the total cross-section is then given by

_ o
do(ete” — PloPQO’y) = mCm F(2 — 21 — x9,21,x2) dr1dxe
= ﬁCm F(z,x1,2 —x — x1) dx dzy. (2.10)

! The element of the solid angle can be expressed as d%, = d cos 0~dp, where 6., is the angle between
photon and e™ momenta, and ¢ the orthogonal angle with respect to the decay plane. The latter leads to

a trivial integration in the |A1|? term, but is non-trivial for the other contributions.



e) [FSR+SD]

Figure 1: Tree-level diagrams for ISR, FSR and SD contributions to ete™ — w7 ~. The SD
amplitude corresponds to the O(E,) gauge-invariant terms in the diagram e).

2.2 Initial- and final-state radiation and generalization to the ete™ — 77 vy
case

At O(a?) we can distinguish three basic components to the processes ete™ — 7tr:
initial-state radiation (ISR), final-state radiation (FSR) and the irreducible structure-
dependent (SD) amplitude which vanishes in the E, — 0 limit (see figure ). The latter,
which is identical to the neutral case discussed before, is the only contribution sensitive to
scalar-meson dynamics.

By construction, ISR and FSR amplitudes can be fully described in terms of the elec-
tromagnetic form factor of the pion and are known with good accuracy? (for an extensive
discussion applied to the ®-factory case see e.g. ref. [[, [l]). The |7#*7~) state produced
by ISR has opposite transformation properties under parity and charge conjugation with
respect to those produced by FSR and SD. For this reason, as long as the kinematical cuts
applied on the cross section are symmetric under the exchange 7+ < 7, we can neglect
the interference of the ISR amplitude with the other two contributions. On the other hand,
the FSR amplitude, which can be decomposed according to eq. (R.F), does interfere with
the SD terms:

do(eTe™ — nTr7 ) = doisr + dogsr + dosp + dopsgt op . (2.11)

The form factors of the FSR contribution, which are singular in the x — 0 limit, can be
written as

Ao Frq(s)
2

8maFrr(s)

— (z1 — 22)

AFSR — AFSR _ AFSR =0 2.12
1 T —(.%'1—1'2)27 2 72 9 3 ) ( )

2 We denote here as FSR amplitude only the gauge-invariant part of the amplitude which can unam-

biguously related to the on-shell non-radiative e™e™ — 777~ processes, according to Low’s theorem [ﬂ]
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Figure 2: Leading contributions to the structure-dependent amplitude: vector-meson exchange
(left) and scalar (right) contributions.

where Fi-(s) denotes the pion electromagnetic form factor (with the standard normaliza-
tion Fy(0) = 1). The last three terms in eq. (R.11) can thus be described by a generic
expression of the type in eq. (2.10)), where the form factors are obtained by summing the
singular AFSR to the regular terms of the SD amplitude.

So far we have analysed only the O(a?) contributions to the cross sections, or the lead-
ing contributions in the case of a single detected photon in the final sate. As is well know,
the physical cross sections are obtained by the convolution of these leading expressions with
appropriate radiation functions [f] which take into account the effect of the undetected ISR
(both for charged and neutral final states) and the undetected FSR (for the charged final
state only).

3. The vector-meson exchange contribution

In a good fraction of the allowed kinematical region, a sizable contribution to the structure-
dependent amplitude is induced by the vector-meson exchange process in figure g (left).

The starting point to evaluate this contribution are the effective couplings [ and
9y (with dimension 1/energy), defined by

MIV(E P) = P(a)r(e, B)] = egl, ™&,c,aks
MV (E,P) — P(q)V'(e, k)] = g%, € Euenqpko, (3.1)

PV’

and the adimensional vector-meson electromagnetic couplings, Fy -, defined by
e

MV(E) = ete™] = o e ilp- )7 o(p) (3.2)

In terms of these couplings, the vector-meson exchange process in figure ] give rise to the
following contributions to the form factors:

Ayt = =5 (<14 Seb o) o) +afan)) + § (1= 2+ 56) loen) = g(00)]

4 2
AP = 2 o(an) + g(w2)]
AP = — o) — glaa)] (33)
where - eg" 95, $2M2 )
D S T T Y YT (R o4

Vvvl:p7w7(b7p/7wly---



Fy 97, [GeV 1] 9V, =gbv [GeVl]

pPV/!
lgr_| = 0.79 £ 0.10 g2 | =12 42
|F,| =16.6 + 0.2
9o | = 1.56 + 0.08 g2 | =1.3+0.2
g2, = 2.38 +0.04 g% | = (4.1+0.5) x 1072
|F,| =55.940.5
lg7,| = 0.46 +0.02 lgo, | =1.1£0.2

lg® | = 0.132 £ 0.004 | |go,| =2[ge, | =2|g | =T.0+15

|Fp| = 44.4+0.4
g2 | = 0.691 £ 0.008

Table 1: Reference values for the modulos of the effective vector-meson couplings defined in

cas. (B1)-(B.2).

and
Dx(¢*) =s— M% +iMxTy. (3.5)

In the limit of identical particles in the final state, these results are fully consistent with
those of ref. [[Il. As discussed in ref. [, a natural improvement of the above expressions is
obtained by the replacement of the constant I"x with appropriate energy-dependent widths,
taking into account the velocity factors of the dominant final states [d.

In table [| we report the current estimates for the most relevant set of Fy, 9y and
9v., couplings. The results for Fy and 9z, have been determined by means of the relations

alMy,

LV —-ete )= —>,
3|Fv|”

T(V — Py) = (3.6)

algl I? 1Mz — M27°
3 [ 2My } ’
using the experimental values of I'(V — eTe™) and T'(V — P~) in [[(]. The gy, have been
determined theoretically,® with the exception of g2, which has been determined directly
from the experimental value of I'(® — wr) in [I0]. We stress that the results reported in
table [I] should be considered only as rough reference values, or as natural starting point for
a fit of the cross sections. The high-statistics data on the ete™ — Py Py reactions at a ®
factory should allow to determine these couplings (or at least some combinations of them)
with much higher accuracy.

4. The scalar amplitude

We are now ready to analyse the scalar amplitude or, more precisely, the contributions to
the form factor A; not described by vector mesons and/or FSR.
The contribution to A; induced by the exchange of a single vector and a single scalar

resonance, as shown in figure ] (right), is:

S gV 2
€97, 9%, sMZ

Al(e+e_ -V =8y — Plpg’y) = 1F, Dv(S)Ds[(l — x)s]

(4.1)

3 The gy, have been determined by: i) assuming a simple effective Lagrangian of the type
L = gtr({V,V'}P), where V, V', and P are 3 x 3 matrices in flavour space; ii) fixing the ®-w mix-

ing angle from the Fyv values; iii) enforcing the vector-meson dominance relation gy =3y, gV ,/(eFv/).



where the couplings g%, and gy, are defined by

algy [MQ ~ Mm27°

IV — Sy) = u v S} , 4.2

( ) 3 I (4.2)

195,12 pia(ME)
P(S — P1P2) =2 oL o0 (4.3)
87TM§
i M2 _ (Ml _ M2)2 1/2 M2 _ (Ml + M2)2 1/2
P12(M2) = [ ] [ ]

2M

If we could consider only this resonant contribution, the total cross-section would assume
the following form

2x

doscalar = WC’H |Ai(ete” =V — 5y — P1P2'y){2 EidEvdEl
— %Bwv(s)F(VM_;;Q: ) Zfzsgi”) : MaEifT%(S”)dE% (4.4)
where
s12 = s —2\/sE, = (1 —x)s,
BWy(s) = ML = MLy . (4.5)

[Dv(s)I* (M7 — s)* + MPTY,

Note that the Ef; factor in ([£4), which is dictated by gauge-invariance according to the
general decomposition (B.§), implies a sizable distortion from a standard Breit-Wigner
shape for resonances close to the end of the phase space, such as f,(980) and a(980).

The simplified expression ({4) is often used in the literature to describe the contribu-
tions of the narrow resonances f,(980) and ag(980). However, a coherent description of all
the amplitudes contributing to the physical processes requires a more refined treatment.
First, in order to compute the total cross section we need to consider the general expression
in eq. (2.I0), with coherent sum of all contributions to the A;:

Agull — AI;‘SR+A\1fect _{_A?cal’ Agull — AESR+A\2fect, Agull — A}’/ect’ (46)

with AR (7+7~ case only) and AY** given in eq. (E.13) and eq. (B-3), respectively.
Second, the expression of Aﬁcal can involve several resonances and, possibly, also non-
resonant backgrounds.

Since f,(980) and a¢(980) are the only two narrow scalar resonances with mass below
Mg, a convenient parameterization for A5 is

M2 S qV
AiCal _ Z e sMy 97295, + RYQ(812) ) (4.7)
V=p,w,p; S=fo,a0 4Fy Dy (s) [ Ds(s12)

Here RY,(s12) denotes a non-resonant term which, in absence of re-scattering effects, can
be expanded as a regular series in powers of (s15—M g) The situation becomes particularly
simple in the exact isospin limit, where a single narrow resonance can contribute to each



channel: the fy(I = 0) in the two |77) cases and the ag(I = 1) in the |7mn) one. In this
limit, at fixed values of s and neglecting re-scattering effects, we expect a structure of the

type

S
Aical x Gett +

- M3H+0 — M%7, 4.8
512 — M2+ iMsTs (s12 — Mg) + O[(s12 — Mg)7] (4.8)

Qo + aq

2 1
M<I> M<I>
with a different set of effective couplings for each channel. As we will discuss in the

following, this structure can be systematically improved in order to take into account the
elastic re-scattering phases of the two pseudoscalar mesons.

It is worth to stress that a sizable non-resonant term is phenomenologically required
from data, at least in the |77) channels. Indeed, if we only retain the pole term in eq. (fL.§),
the Ef’/ factor in the cross section — see eq. (f.4) — implies a too large result at low sy
compared to observations (see e.g. ref.[[L], [[J]): experimental data clearly indicate that at
low srr the contribution of the f,(980) is partially compensated by other contributions.

In the |77) channels one can consider an alternative parameterization where, in addi-
tion to the narrow f((980), also the broad fy(600) is included by means of an appropriate
complex propagator in the I = 0 channel.* In this case the f5(600) could be responsible for
the partial cancellation of the fy(980) contribution at low s, with a minor role played by
the non-resonant term. In principle, precise enough experimental data on the ete™ — 7y
cross sections should be able to distinguish the case of an explicit pole structure for the
f0(600) from a pure polynomial term. However, the broad nature of the fy(600) makes
this distinction very difficult, even with the high statistics available at a & factory.

4.1 Re-scattering phases for |77) final states

As anticipated, the parameterization (.§) can be improved in order to take into account the
absorptive parts generated by elastic re-scattering. We illustrate here how this improvement
can be implemented in the |77) case, where this effect is more relevant and the information
about elastic re-scattering at low s, is very precise. For simplicity, we consider only ®-
mediated contributions and we include only the f((980) as explicit pole structure.

Neglecting non-® contributions, we can decompose the scalar form factors for charged
and neutral |77) final states as

e SM% Fzscal(sﬂW) + \/iFoscal(SWﬂ)

Aical (ﬂ_—i—ﬂ_—)

" 4Fy Do(s) /3 ’
Ascal(ﬂ_Oﬂ_O) _ € SMC% \/inscal(smr) - Qscal(&rﬂ) (4.9)
1 4Fp Dy (s) V3 ’

4 The existence of a pole in the S-wave, I = 0, w7 scattering amplitude —corresponding to the fo(600)—
is not under doubt @] However, this pole is very far from the real axis and quite close to the 7m
threshold [@] As a consequence, its contribution to the amplitude (@) is not necessarily well described
by a simple complex propagator as in the fo(980) case.



where srr = (1 — z)s and the reduced F&Czal correspond the I = 0,2 isospin combinations.

If we include only the f(980) as explicit pole structure, we then have®

| ng g? y
pscal(g _ ””. 0 + RO S P
0 (Srr) w— M3 +i/57x gy (87r) (o)
F;cal(sﬂ_ﬂ) — R2(57r7r) . (410)

For s, close to the f,(980) pole, the leading elastic and inelastic re-scattering effects
are automatically included in the scalar resonance propagator [J. In particular, considering
only two-body intermediate states (77 and K K) and defining

S5,(s) = iv/slp(s)  and  w(s) = (s/4 — M2)Y?, (4.11)

the effective energy-dependent width assumes the form

A2 < s <M (o) = g { ~loi? o ()] + o )] + (08 un(s)

AMjs <5 <4AMZo Tps) = # (ol = lorco ()] + g (5)] + gL vn(s) }

52 4Mo Spu(s) = 5o {0 [ores () + oo )] + (o Pen(s) - (412)

The key observation which allows to determine the absorptive parts of the form factors
in the low s, region is the Fermi-Watson theorem [[J]. This implies that below the inelastic
threshold the phases of the two F3(s,,) coincide with the 77 S-wave elastic phases.

The low-energy structure of w7 phase shifts a b
I I

I=0|0.220£0.005 | 0.275 £ 0.009
I=20.045£0.001 | 0.081 £ 0.002

is known very precisely [[5]. In the S-wave

channels we can write

tan[s; (s)] ~ 2”\’}(;) <a1+b18;—0$°> :

. fS- h f f. LY.
with s = 4M2, and the a; and b; reported parameters of S-wave 77 phases from re

in table B
In the I = 2 case, where the resonance term is absent, the Fermi-Watson constraint

Table 2: Numerical values for the low-energy

applies directly to the non-resonant term Ry (srr). Generalizing the polynomial expansion
in eq. ({.§), this implies

Ro(877) = <M—<% * Vc%(s’”f - Mfo) + O[(87r — Mfo) ]> et (ore) ’ (4.13)
where the ~; are real parameters, as implicitly assumed for all the effective couplings so far
introduced (ggw, 955 95, co).

The condition to be imposed on the I = 0 term is slightly more complicated since
we cannot ignore the phase shift induced by the fy propagator. Given that below the
inelastic threshold all phase shifts are proportional to the pion velocity v, (s, ), a convenient
decomposition for Ry(sxr) is

ao B vr (smm) al ﬁ vr (sm)
Ro(spn) = E}‘;el 0T My 4 Mge’ UMe (Spp — M3) 4 Ol(8ar — M7,)?], (4.14)

® The effective coupling gJ% denotes the coupling of the f0(980) to the two-pion state with I = 0.
Correspondingly, the decay width appearing in the definition (@) must be interpreted as I'[fo — (77)1=0] =
I'(fo — ntn™) + T(fo — n°x°).



where «; and §; are real parameters. Imposing the Fermi-Watson constraint allows to
determine the §; in terms of the «; and the parameters of dg(srr). Indeed, expanding
the phase of the full form factor in powers of (s;r — Sg), up to second order, leads to the
following two conditions:

3 5
B0 = 2 [6(s0) — (50 = ME)EGo)] + 1 = 22 (s0), (4.15)
where
_ (9,{%)39?7/(877\/5) 2 (o, ,05—50
= T Rl () 4 Il (P Vs <“° B ) ’

9%.97, (5 — M, + Re[Sy,(5)))
(5= M2, + RelSy, ()2 + T[S, (5)]
and &'(s) = d¢/ds.

Proceeding in a similar way, this method can be generalized to include non-® contribu-

X

(&%) aq 2
2 +M%+F$(S_Mfo)] (4.16)

tions and/or the explicit pole structure of the fy(600) and/or additional polynomial terms
in the Taylor expansion.

5. Summary

The procedure we propose for a general un-biased analysis of the ete™ — PPy cross
sections can be summarized as follows:

e According to eqgs. (2.7)-(R.10), the Born (single-photon) cross sections are expressed
in terms of the three Lorentz-invariant form factors A;_gs.

e The three form factors are decomposed as in (l.§) in terms of a FSR component
(AESQR) and a two leading SD components (A5 and A}*%). The FSR component,
which is present only in the |77~ ) case, is fully determined by the electromagnetic
pion form factor.

e The vector SD component can be parameterized as in eq. (B.d) in terms of the effective
couplings Fy, gy and gy, Here one could use the reference values in table
as starting point of the fit, and eventually improve the determination of some of
these couplings (especially by means of |797%) data, where the vector component is
dominant).

e For the scalar SD component we propose a parameterization of type (@) with a
resonant part (with or without the fy(600) pole) and a polynomial non-resonant
term (with one or two free parameters for each channel). In the two |77y) channels
the parameterization of the non-resonant part can be improved with the inclusion
of appropriate re-scattering phases, as shown in eq. (f.14). These do not involve
additional free parameters since the (; in eq. (f.14) can be determined using the
precise low-energy constraints on 7w phase shifts, as outlined in section L1 An
important consistency check of the whole approach is obtained by the combined fit
of the two |w7y) channels, which should satisfy the isospin decomposition ([.9).

,10,



Recently, this procedure has been employed in the analysis of KLOE data on ete™ —

atn~y [ with satisfactory results. A more significant test of the method should be

possible in the near future, with the combined analysis of high-statistics data on both

ete” — ntn~v and ete™ — 7079,
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